In this paper, we show that bounded weak solutions of the Cauchy problem for general degenerate parabolic equations of the form
Introduction
The main goal of this work is to obtain an optimal rate decay for (signed) weak solutions of the problem
given constants α > 0 and 1 ≤ p 0 < ∞ , and f ∈ C 1 satisfying
In the case of f not depending on x and t, we have, in particular, the problem
whose solutions exhibit a lot of known properties of parabolic problems in a conservative way as, for example, regularity, decay in L 1 norm, mass conservation and comparison properties. If condition (2) does not hold, some of these properties are no longer valid in general, such as decay in L q norm for q > 1,
, global existence, decay to zero in various norms when t → ∞, in case of global existence, etc.
In fact, problem (1) could be much more complicated when the condition (2) is violated, as we indicate below. As an example, we consider, for simplicity, the one-dimensional problem
where J := { x ∈ R: f ′ (x) < 0 } = ∅.
Rewriting the first equation as
we can see that u(x, t) tends to be stimulated to grow in magnitude at the points where x ∈ J, in particular where − f ′ (x) ≫ 1. On the other hand, as u(·, t)
for all t (while the solution exists, see [8] ), an intense growth in a given part of J results in the formation of elongated structures (as is illustrated in fig. 1 ), that tend to be efficiently dissipated by the diffusivity term present. The greater the growth of | u(x, t) |, the greater will be the effect of the term − f ′ (x) | u | k u on the right side of (5) in forcing the additional growth and greater will be the dissipative capacity of the diffusivity term in (5) to inhibit such growth, given the increase of the own diffusion coefficient and of the intensification of the stretching effects on the profile of u(·, t)! The competition between the diffusive and the forcing terms in the equation (4) can, in this way, become so intense that the final result of this interaction (explosion or not on finite time, global existence and the behavior when t → ∞, etc) is very difficult to be foreseen. Besides that, in contrast to the current literature (see e.g. [12, 14, 15] ), this kind of interaction (with mass conservation or similar links) only began to be investigated mathematically very recently (in [1, 4, 8] ). In the case of globally defined solutions, we can examine other open questions also for the problem (1) with the condition (2) even in n = 1 dimension. For example, we don't know general conditions about f, u 0 that prevent blow-up (5) above with f (x) = − tgh x, α = 0.5, k = 1.5, and initial state u 0 indicated (dashed curve). We note the growth of u(·, t) due f ′ (x) < 0, with formation of elongated structures ("High frequency waves ") due the mass conservation.
at infinity, [ that is, in order to have
= 0 ], or convergence to stationary states (when they exist), and so on.
These questions will not be examined in this article, with one exception: we will show that the condition (2) above ensures the decay:
corresponding to the problem (1) with the condition (2) satisfies the smoothing effect
and where K (n, p 0 , α) > 0 is a constant that depends only on the parameters n, p 0 , α (and not on t, u, u 0 , or f ). In fact, this decay rate is optimal. Since Barenblatt's solutions decay at this rate, see e.g. [17] , and it is solutions of the Cauchy problem whit f ≡ 0 . This kind of estimate has already been proved for similar problems, without advection. It is well known that the weak solutions of the problem
defined on a certain domain M ⊆ R n , have some smoothing effects as
where p > q ≥ 1, C is a constant, γ and β are appropriate positive expoents and for m > 0, m(p − 1) > 1, as in [3] , or for m > 1, as in [2, 17] .
This kind of bound were also showed, for m > 1, in [9, 10, 11] when we add the Newmann condition
or, in [13, 11] , with the Dirichlet condition
in cases where x ∈ M = R n .
Now, returning to our problem, let us consider the problem with advection
where 1 ≤ p 0 and α > 0. This paper is organized as follows. Section 2 is devoted to showing an estimate for L q norms of the solutions of this problem.
An energy inequality and some decay estimates for L p and L q norms for each p 0 ≤ q ≤ ∞ and 0 ≤ t ≤ T are presented in Section 3. In both Sections, we will consider u 0 > 0 (or u 0 < 0) for all x ∈ R n . Finally, Section 4 is devoted to find an optimal decay rate for weak solutions with any u 0 ∈ L p0 (R).
We remark that, in this paper, we understand as smooth and weak solution to the problem (9) a function that satisfies the following definitions, respectively:
classical solution in a maximal interval of existence [0, T * ), where 0 ≤ T * ≤ ∞, if it satisfies classically the first equation of (9) and, besides that,
A weak solution to the problem (9) is a function u that satisfies
When u 0 > 0 (or u 0 < 0) for all x ∈ R n , the solutions of the problem (9) are strictly positive (or strictly negative), see [8] . In these cases the solutions are smooth, which is the reason why we consider smooth solutions in Sections 2 and 3, and weak solutions in Section 4 where the initial condition and solutions can change sign. For a more complete discussion of regularity see e.g. [5, 6, 7, 16, 18] .
2 Decreasing L q norm for smooth solutions
In this section we consider f satisfying the following hypothesis.
Let 0 < ξ ≤ 1 and ζ R a cut-off function given by ζ R = 0 if |x| > R and
where
and S is smooth and non-decreasing for −1 ≤ u ≤ 1. These cut-off functions will be useful in this Section and in Section 3.
is a smooth and bounded
Multiplying the first equation of
Now, we estimate the second term of the left side.
Let δ → 0, by (12) and the Divergence Theorem, we obtain
ing the Divergence Theorem in the right side of (11) we have that
Note that
This estimate and Cauchy-Schwarz inequality give us
Using the previous estimates, applying Fubini's Theorem in the first term on the left hand side, and letting δ → 0, we obtain
The triangular inequality and estimates for |∇ζ R (x)| and |∆ζ R (x)|, give us
Letting R → ∞ and applying the Gronwall Lemma, we obtain
where S(ξ, T, t) = (nξM α (T ) + ξK f (T )) t, and S(ξ, T, t) → 0, if ξ → 0. Then, letting ξ → 0 and t 0 → 0 (in this order), we obtain
3 Decay estimates for L q and L ∞ norms
In this section we will obtain one important energy inequality. This inequality will be fundamental to obtaining the decay rate for smooth solutions in the last section.
Theorem 3.1. Let q ≥ p 0 and T > 0. If u(x, t) is a smooth and bounded solution in R n × (0, T ] of (9) and f satisfies (f1), then
where γ > 1.
where 0 < t 0 < t ≤ T, and applying Fubini's Theorem and integrating by parts the first term on the left side we obtain
Note that, by (2), we obtain
as − q
δ (w) dw and applying the Divergence Theorem, we have that the term on the right hand side of (13) can be written as
Applying one more time the Divergence Theorem and using Cauchy-Schwarz inequality, there holds that
as
Substituting (14) and (15) in (13),
As u(·, t) L q (R n ) < ∞, following the same steps of Theorem 2.1, letting δ → 0, R → ∞ and ξ → 0, we obtain
The next Theorem shows that u(·, t) L ∞ (R n ) decreases in t.
Theorem 3.2. Let q ≥ 2p 0 and T > 0. If u(x, t) is a smooth and bounded solution in R n × [0, T ] of (9) and f satisfies (f1), then
where δ = 2q + nα 2q + 2nα and κ = n 2q + 2nα · Proof. Let u(x, t) be a smooth solution of (1). Defining w(x, t) :
. By the inequality (16), it follows that
where γ > 1 to be chosen. By the Nirenberg-Gagliardo-Sobolev's Interpolation
So we have θ = n(q + α) nq + 2q + 2nα and
by Theorem 2.1.
Applying Hölder's inequality and Young's inequality (in this order) both with p = 2 θβ and q = 2 2 − θβ , we obtain
where in the last inequality we choose γ so that (γ −1)
Writing the previous inequality in terms of u we obtain, in particular,
, we get
Proof. Let u(·, t) be a smooth solution of (1). By Theorem 3.2
and θβ = 2qn nq + 2q + 2nα .
Let m ∈ N with m ≥ 1, we define t
Applying this inequality, m times, substituting q with 2 j q and 
we can rewrite the previous inequality as
Bm−j . Now let us estimate, separately,
First, let us observe that, .
. Now, letting m → +∞, we obtain
, and
So, we show that, in fact, δ = 2q 2q + nα and κ = n 2q + nα . It remains to obtain a bound for K n (α, q) independent of m.
Bm−j .
Finally, we estimate
. To this end, note that
< ∞.
Optimal rate for signed solutions
In this section we will obtain an optimal rate decay for weak solutions of the problem u t + div f (x, t, u) = div(|u(x, t)| α ∇u) x ∈ R n , t > 0,
where u 0 is any function in L p0 (R).
Let us consider the auxiliary problems u t + div f (x, t, u) = div(|u(x, t)| α ∇u) x ∈ R n , t > 0,
and u t + div f (x, t, u) = div(|u(x, t)| α ∇u) x ∈ R n , t > 0,
where ǫ > 0 and 0
To prove the main result of this article, we need f to satisfy the hypothesis
Theorem 4.1. Let q ≥ p 0 and T > 0. If u(x, t) is a weak and bounded solution in R n × [0, T ] of (17) and f satisfies (f1 -f2), then
where δ = 2q 2q + nα , κ = n 2q + nα and K n (α, q) is constant.
Proof. Let u, v, w be, respectively, solutions of (17), (18) and (19), by comparison (see [8] ), we have w(x, t) ≤ u(x, t) ≤ v(x, t), w(x, t) ≤ 0 and 0 ≤ v(x, t), ∀x ∈ R n and ∀ t > 0. Now, by Theorem 3.3, the estimates obtained for smooth solutions, that do not change sign, of problems with initial data that do not change sign, it follows that
where δ = 2q 2q + nα , κ = n 2q + nα and K n (α, q) is constant. In particular, we
As max
